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Abstract. Classical homological algebra considers chain complexes, resolutions, and derived func- 
tors in additive categories. We describe "track algebras in dimension n", which generalize additive 
categories, and we define higher order chain complexes, resolutions, and derived functors. We show 
that higher order resolutions exist in higher track categories, and that they determine higher order 
Ext-groups. In particular, the Em -term of the Adams spectral sequence (m < n + 2) is a higher 
order Ext-group, which is determined by the track algebra of higher cohomology operations. 



Introduction 

Topologists have been working on the problem of calculating the homotopy groups of spheres for 
around 80 years, and many methods have been developed for this purpose. One of the most useful 
is the Adams spectral sequence E2, E^, E^, . . . , , converging to the p-completed stable homotopy 
groups of the sphere. Adams computed the _B2-term of the spectral sequence, and showed that it is 
algebraically determined: 

E'^^* = Ext^*(Fp,Fp) , 

where the derived functor Ext is taken for modules over the mod p Steenrod algebra A of primary 
mod p cohomology operations (cf. [Al]). Since the work of Adams in [A2J, it has been generally 
believed that higher order cohomology operations can be used to compute the higher terms of the 
Adams spectral sequence. 

However, it remained unclear what kind of algebra S(„) would be formed by cohomology 
operations of order {n + 1). For n = 0, the algebra ;B(o) = A is the Steenrod algebra, which 
determines i?2- It is shown in [B2] that the algebra of secondary cohomology operations, B(i), can 
be described by a differential algebra B, which was computed in [loc. cit.\, leading to the calculation 
of E3 as a "secondary Ext-group" over B. For this, the notion of secondary derived functors was 
developed in |BJ2| in the context of track categories - that is, categories enriched in groupoids. 

It is the purpose of this paper to exhibit higher order derived functors in track algebras - in 
particular, higher order Ext-groups - which allow the calculation of the higher terms E*'* {n > 2) 
in the Adams spectral sequence. This generalizes Adams' original result for n ~ 2, and the results 
in [B2',TO2] for n = 3. 

The elements of the Steenrod algebra A are (stable) homotopy classes of maps between mod p 
Eilenberg-Mac Lane spaces. Here we consider the space of all such maps, which together constitute 
the Eilenberg-Mac Lane mapping algebra (see Section [7] below) . We associate with each mapping 
algebra a track algebra of dimension n (n > 0) (see Section [TT] below) , and prove as our main 
result: 

Theorem A. Higher order resolutions exist in a track algebra of dimension n, and such resolutions 
determine higher order Ext-groups E,n for to < 71 + 2. If the track algebra is the one determined 
by the Eilenberg-Mac Lane mapping algebra, these higher order Ext-groups compute the Em-terms 
of the Admas spectral sequence for m < n -\- 2. 

The track algebra of dimension n associated to the Eilenberg-Mac Lane mapping algebra consti- 
tutes the algebra yB(„) of {n -\- l)-st order mod p cohomology operations. It is conjectured in |B3j 
that can be computed in terms of a suitable differential algebra for all n > 0, as is the case 

for n = and n — I. 



Date: 18th August 2011. 

1991 Mathematics Subject Classification. Primary: 18G10; secondary: 55T15, 55S20. 

Key words and phrases. Adams spectral sequence, higher chain complexes, higher cohomology operations, higher 
Ext-groups, higher order resolutions, higher track algebras. 



1 



2 



H.-J. BAUES AND D. BLANC 



1. Left cubical sets 

We first recall some properties of cubical sets, and introduce the notion of left cubical sets, which 
are used to describe higher nullhomotopies. 

Let / = [0, 1] be the unit interval and let /" = / x • ■ • x / be the rt-dimensional cube. We 
have inclusions : /"^i = P^^ x {e} x /"^* C /" for 1 <i < n and e € {0, 1}. Here is 
a single point. 

Let □ denote the category whose objects are cubes /" (n > 0), and whose morphisms are 
generated by dl and the projections s* : /" — !• /"^^. 

A pointed cubical set is a functor K : \3°^ — 5- Set*, where Set* is the category of pointed 
sets. As usual, K{I'^) is denoted Kn and * G Kn is the base point. We write dim(a) = n if 
a G Kn- See [C], [J], or |I| for further details on category of cubical sets. 

LI. Definition. Let □ be the subcategory of □ consisting of objects /" {n > 0) and morphisms 
generated by dp. A Ze/t citfoica/ set is a functor □ — >> Set*. We write i9* for (dg)* : i4r„ — > i^„_i 
(1 < i < n). We also consider the full subcategories □„ C □ consisting of objects I™ (0 < m < n). 
A functor □„ — > Set* is called a left n-cubical set. 

1.2. Remark. Given a pointed cubical set K, one obtains a left cubical set nul(-R") by setting 

mil{K)m ■■= {a e Km \ {d\)*a = * for l<i<m}. 

Accordingly, one gets the left n-cubical set nul„(_ft') as a restriction of nul(_ft') to 

Note that nul is a functor from pointed cubical sets to left cubical sets. Its left adjoint 
K : (Set*)^ (Set*)°°'' may be thought of as a "universal enveloping cubical set" functor, 
described as follows: given a left cubical set M, the pointed cubical set U{M) has one n-cube /" 
for each left n-cube a e M, with {d\)* 12 = * (the base point) for each 1 < i < n. In addition, 
there is a degenerate (n + fc)-cube: 

(1.3) {s^^y ...{s^'-yi^ in U{M) for each iterated projection s^*-- ... s^^ :/"+''■ ^ /" in □ 

(with identifications according to the cubical identities). 
It is readily verified that IA{M) is indeed a pointed cubical set, with a natural isomorphism: 

(1.4) Hom(g^^.^nop(Af,nul(i^)) ^ Hom(s^,.)nop (Z^(Af), i^) 

for K G (Set*)'-' and M G (Set*)'-' . Moreover, both functors preserve dimensions of all 
cubes, so they commute with the n-skeleton functor, yielding a left adjoint lAn to nul„. 

For any cubical set K, let Ck be the partially ordered set of all /c-cubes (fc > 0) of , ordered 
under inclusion. We have if ~ colimjfcgCjc i where each is thought of as a cubical set. We 
use this to define a monoidal structure on Set , given by: 

(1.5) K®L := colimj.eCK. /'=ecz, I'^^ 
(see pi §3]). UK and L are pointed, there is a cubical smash functor 

(1.6) KML := {K®L) / {{*}®L\1K®{*}) 

on (Set*)'-' ^, which also is also defined on (Set*)'-' . Moreover, nul and Z// are monoidal with 
respect to ® on (Set*)'-'"^ and (Set*)'-' , respectively. 

Now, let (A", *) be a pointed space and let iSqA be the singular pointed cubical set: thus 
{S\2X)n is the set of all maps /" — !► A, with base point o : /" — )■ {*} C X . 

Then, nul(X) = nul(5nX) is given by all maps a : I"^ ^ X with ad\ = o for 1 < i < n. 
Accordingly, we let nul„(A) := nul„(iSnA) 

1.7. Definition. The left n-cubical set Nul„(A) is defined by 

I nul(A)m for m < n, 



Nul„(A), 



nul(A)„/~ for 



Here, we set a :^ b for a,b E nul(A)„ if the maps a, 6 : /" — > X are homotopic relative to 
the boundary 9/" of the cube Let {a} be the equivalence class of a; we call {a} an n-track 
in X. 
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There is a surjective map of left n-cubical sets: 
(1.8) nul„(X) ^Nul„(X) , 

which is the identity in dimension < n and which carries a with dim(a) = n to the n-track {a}. 
We point out that the left n-cubical set Nul„(X) is not the restriction of a cubical set. 

1.9. Remark. Let A be the category with sets {l,2,...,ri} {n > 0) as objects, and order 
preserving injective maps as morphisms. There is an isomorphism of categories A = □ which 
carries {1,2, ...,n} to /" and carries {1, . . . , i, . . . , n} C {1, . . . , n} to dg. Here, i indicates 
that we omit i. 



2. n-GRADED CATEGORIES ENRICHED IN LEFT CUBICAL SETS 

Cubical sets, and left cubical sets, have a natural grading by the dimension of the cubes. Thus 
categories enriched in (left) cubical sets are in particular graded categories, described as follows: 

A graded set K is a. sequence of sets Kn {n > 0). We write dim(x) = n if x e A'„. An 
n-set L is a finite sequence Lq^ . . . ^ L„ of sets. For example, the n-skeleton Kq, . . . , Kn of a graded 
set is an n-set. A graded category G is a category in which each morphism / has a dimension 
dim(/) > such that the composition fg satisfies 

diin(/g) ^ dim(/) + dim(5). 

Thus, all morphism sets MorG,{X,Y) are graded sets. 

An n-graded category consists of morphism sets which are n-sets and composition Jg is defined 
if dim(/) + dim(g) < n. For example, the n-skeleton of a graded category is an n-graded category. 

An n-graded category enriched in left cubical sets is a n-graded category such that morphism sets 
Moi-{X,Y) are left n-cubical sets with operators (dp)* — 9* satisfying 



(2.1) d\fg) 



{d'f)9 for i<dim(/) 

jl^Qt-dim(f)g^ for i > dim(/) 



Moreover, the zero morphisms o" e Mor{X,Y)n (n > 0) satisfy 

o"g = o"+^""(f) and /o™ o^™(^')+'". 

For example, let C be a category enriched in (Top*, A), where A is the smash product of pointed 
topological spaces. Thus for every X,Y E Obj (C), there is a zero morphism a G Morc{X,Y), 
satisfying og — a and fo = o for any /, g G More. Then nul(C) is given by the left cubical 
set nul(Morc(^, i^)). The composition f^g defined by 

f(g)g:I"x /™-^^Morc(y,X) x Morc{Z,Y)-!^Morc{Z, X) , 

where n is the composition in C. Thus nul(C) is a category enriched in left cubical sets as above. 

The n-skeleton of nul(C), denoted by nul„ C, is given by the n-cubical sets nul„ Morc(^, Y). 
One has the quotient functor 

nul„ C Nul„ C 

given by the quotient maps: 

nul„ More (X, Y) ^ Nul„ More (X, Y) 

(see (ll.8p \ Here, Nul„ C is an n-graded category with the composition defined by the equivalence 
class {/ (g) g} for dim(/) + dim{g) = n. The n-graded categories nul„ C and Nul„ C are 
enriched in left n-cubical sets. 

For n = 0, the (0- graded) category 

Nulo C ttqC 

has morphisms X — >Y given by the path components of Morc{X,Y). 
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3. The chain category Z5 



A chain complex in any pointed category M may be defined as a pointed functor from a suitable 
indexing category. To define higher order chain complexes, we require a more elaborate indexing 
category, which we now describe. 

Let * and J be elements which generate the free monoid 



Let deg, dim : N 



N Mon(*, J) . 
(No, +) be monoid homomorphisms defined by 
deg(*) = 1 deg(J) - 1 

dim(*)=0 dim(J) 1. 



Elements in N are words which consist of letters ★ and J. For example, V = -k-kj-kjj is such 
a word, with deg(F) = 6 the length of the word V ^ and dim(l/) = 3 the number of letters J in 
V . Let be the empty word, which is the unit in the monoid N . 

We associate with J the unit interval / = [0, 1] and with -k the one point space {0}. For any 
word V ^ let V be the space defined by 



V 



I 

{0} 

Vi X V2 



if y = J 
a V = i< 

if V ^ViV2 



We say that V is in the boundary of W with V,W E N if there is an inclusion V C W. This 
implies degV — deg 14^ and dimF < dimVt^. By projecting the spaces {0}, one gets the 
homeomorphism 

If V is in the boundary of W, there is a unique inclusion dv,w of cubes in the category □ (see 
Definition II. ip such that 



w 



rdim V 



rdim W 



commutes. 

Now, consider elements -k and /„ 

M 



(n > 1), which generate the monoid 



Mon(*, /„,n > !)//„ o/„ 
The multiplication in M is denoted by o. Here, Mon(*, /„ 



n> 1) 



denotes the free monoid. In 



M, we divide out the relation /„ o /„ 



for n, m > 1. 



There is a canonical isomorphism of monoids 

M- 



-N 



which carries 7k- to ★ and /„ to the n-fold product J" = 
obtain the functions deg and dim on M. 

We introduce on M a further multiplication (Ei defined by 



J ■ ■ ■ J. Using this isomorphism, we 



(3.1) 



V(E)W 



Voi^oW 



for V,W € M. 



Here V xW is the product of elements V, -k, W in the monoid M. The operation ( 
but it has no unit. For the empty word e M, we get 



is associative, 



3.2. Definition. We define the chain category to be the following graded category: the objects 
in are the integers i,j,... G Z. In addition to the identities 1^, with dim(li) = 0, the 

morphisms in consist of 



deg V — 1 = j 
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for all V e M. The composition of V : i — > j and W : j — > j - dcgW - 1 = k {We M), 
is defined 

{i,W(g)V):i i - degiW (g) ]/) - 1 = /c . 

Here we have deg(VF ®V)= deg + degV + 1, so that the composition is well defined. We also 
omit (8) in the notation of the composite. 

More precisely, morphisms in are pairs (i, V), where j £ Z, V G M, and i is the source 

of the morphism (j, V) (aslow written V : i — > j). The target j satisfies j = i — degV — 1. 

The category Z^ is graded by dimension of elements in M. In fact, we have dim(T/F (^V) — 
dim(VF) + dim(y). The n- skeleton Z^ of Z^ (^^ > 0) is an n-graded category. The 0-skeleton 
Z^ consists only of identities and of the morphisms V : i ^ i — deg V — 1, where is a power of 
the element ★ in M. 

If y = 0, then : i — > i — 1 is in Z^. The composition is = ★ : i — > * ^ 2, and so 
on. We observe: 

3.3. Lemma. The category 1^^ is freely generated by the morphisms (z, 0) ; i — z — 1 and 
(i, Ik) ■ i — > i — k — 1 for i G Z. k > 1. 

4. Higher order chain complexes 

We are now in a position to define the notion of a higher order chain complex: 
Given an n-graded category T enriched in left n-cubical sets (for example, T — Nul„C), we 
consider a functor of n-graded categories 



which carries an object i G Z to the object Ki :— K{i) in T. We say that K satisfies the 
inclusion property if the following holds: 

Given morphisms V,W : i — > j in Z^ such that V is in the boundary of W, then the induced 
morphisms K{V) and K{W) in T satisfy the equation 

(4.1) KiV)^d*y^n.KiW) in MoTTiK,,K,). 

Here dy^y is defined by the structure of MoTT{Ki,Kj) as a left cubical set. 

4.2. Definition. A functor K satisfying the inclusion property (j4.ip is called an n-th order 
pre-chain complex in T. 

Let N > M and '1{N, M) = {k e Z,N > k > M}. Then we obtain the fuh subcategory 

Z(7V, Af )g C Z« 

consisting of objects k G Z{N,M). We say that K is concentrated in 1{N,Ai) if K : 
Z{N, Af)g, — > T is a functor of n-graded categories. 

Assume a quotient functor T*' — > A is given, which yields the induced morphisms 

5, = K{i, 0), : ^K,^i in A 

for each i G Z. We then say that K is based on the diagram 

(4.3) Km ^ . . . ^X,^^X,_i^^if,_2 ^ . . . ^Km 

in the category A. 

Now let C be a category enriched in pointed spaces with zero morphisms. For T = Nul„ C, we 
consider a functor K with the inclusion property, 

K:Zl ^Nul„C . 

We have in Z^ the (n -I- l)-tuple of morphisms i — > i — n — 2: 

f (i,0®/„), 

(4.4) {i,dln+l)^ Ui,In®9), 

[{i,Ir'»Is), r + s = n,r>l,s>l 
which yields the (n -|- l)-tuple of n-tracks 

K{l,dln+l) = {K{i,^®In). K{i,h®In-l). K {i, In-l ® h) . K{l,In®^))- 



6 



H.-J. BAUES AND D. BLANC 



These tracks are represented by maps /" — Morc{Ki, In fact, these n-tracks yield up 

to honiotopy a well defined map 

on the boundary of the (n + l)-cube. Hence, the map a yields an obstruction element 
(4.5) OK{i,dIn+i) e Dn{K,,K,^„^2) = 7r„Morc(i^», AV„-2). 

4.6. Definition. We say that K is an n-th order chain complex in Nul„ C if the obstruction 
elements (j4.5p vanish for all i. This is the obstruction property of K. 

Below, we study the properties of obstruction elements. 

4.7. Definition. Let C be as above and let 

(4.8) Ko^^Ki^^K2^ . . .J^Kn+2 , n>l 

be a diagram in A = 7ro(C). Consider all functors 

K : Z(0, n + 2)^ = Nul„ C 

satisfying the inclusion property, which are based on the diagram (14. 8p . Each such functor yields 
an obstruction element 

OK{n+2,dIn+l) e Dn{Kn+2,Ko) = TTn^OVc{Kn+2,Ko). 

The set of all these elements is the classical higher order Toda bracket 

{6i,. . . ,Sn+2) C DniKn+2,Ko) 

(see ^). 

The set can be empty. If there exists a n-th order chain complex K based on the diagram (|4.8p . 
then of course G (Ji, . . . , Sn+2) by the obstruction property of K. 

5. The M^-construction 

An alternative description of higher order chain complexes can be given using the bar construction 
WK,, going back to Boardman-Vogt (see |BV1 §3] and |Bo[ §6]). This construction is a topologically- 
enriched "cofibrant replacement" for any small category /C, which serves as the indexing category for 
lax versions of functors /C — > Top. A cubically enriched variant of WIC was defined in [BJTI 
§3.1] and |BB[ §3.4]; we shall require the following pointed setting: 

5.1. Definition. Let /C be a small category enriched in (Set*, A) (so zero morphisms o are defined) . 
The pointed W- construction on JC, denoted by W:,IC, is the category enriched in ((Set*)'-' ^,®) 
with object set Obj K. defined as follows: 

First, for every a,b G Obj IC, the underlying graded pointed category of W^,IC has an 
(indecomposable) morphism (n-cube) F^^ in M^*/C(a,6)„ associated to each composable sequence 

(5.2) f, = {a = a„+i ill±i> a„ ^ a„_i . . . ai ^ ao = 5) 

of length n + 1 in /C. In addition, W*/C(a, 6) has a degenerate (n-l-fc)-cube {s^^)* . . . {s^'')* I^^ 
for each iterated projection 5^*= . . . s^^ : — >• /" in □ (with identifications according to the 
cubical identities). The zero morphism in degree k is :— {sk)* ■ ■ ■ (si)*/^, and we identify /^^ 
with /" whenever at least one of the maps /i, . . . , fn+i is o. Then W,/C is freely generated 
as a graded category with zero morphisms by these cubes. Composition in the category W*/C is 
denoted by ®. 

The cubical structure is determined by the face maps of the non-degenerate indecomposable cubes 

Ff and the cubical identities, as follows: 
/• 

(a) The i-th 1-face of /j? is I^^^J' o(/ ■/ +1)0 / +1 ~ t^sX is, we carry out (in the category K) 
the i-th composition in /,. 

(b) The i-th 0-face of 7}'^ is the composite /}qo...o/, ® ^7,+!l^ o/„+i ■ 

(c) The cubical structure on the composites Ij^'^Ig, is defined by (|1.5p (or (|2.ip ). 
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5.3. Definition. Let T be the category enriched in (Set*, A) with object set Z and a single 
non-zero arrow dk+i : k + 1 ^ k for each A; S Z, satisfying dk o dfc+i = o for all k. 

5.4. Proposition. Let A4 be a category enriched in cubical sets with zero morphisms. There is a 
one-to-one correspondence between pointed cubical functors W^:T Ai and pre- chain complexes in 
nulAI, which restricts to a one-to-one correspondence between pointed cubical functors sk„ M^^F — > 
Ai and n-th order pre- chain complexes in nul„A^. 

Proof. Since Z(g, is a free graded category, by Lemma 13.31 we can define a one-to-one functor of 
graded categories $ : Z,g, W*r which is the identity on objects by setting $(i,0) :— I^, and 

7*;^, for f,:^{i-^i-l^...i-k '^'~''> i - k - I). 

We can endow Z,^ with the structure of a category Z^ enriched in ((Set*)'-' , (g)) by setting 
dyyir{W) — V if y C W, and adding zero morphisms. Note that a functor K : Zg, nul is 

a pre-chain complex if and only if it induces a pointed cubical functor K : Z^ nul A4 . 

The universal enveloping functor U : (Set*)'-' (Set*)'-'"'' of Remark 11.21 is monoidal with 
respect to (g), so the adjunction (|1.4II extends to categories of enriched functors. Moreover, $ 
induces a natural isomorphism of pointed cubical categories 

(5.5) uiz^) ^ w^r , 

so left cubical functors — > milM indeed correspond to pointed cubical functors W*r — >■ 
M. Since this correspondence preserves the grading, the same is true for n-th order pre-chain 
complexes. □ 

6. Resolutions and derived functors 

We now recall some basic definitions of resolutions and derived functors in the context of additive 
categories: 

Let A be a category enriched in abelian groups, i.e., a preadditive category. Then we denote the 
morphism sets in A by 

HomA(X,y) = Mota{X,Y) 
for objects X, Y in A. This is an abelian group, and morphisms / : X' — y X and g : Y' — > Y 
in A induce homomorphisms Hom(/, F) and Hom(X, g). Let a be a full subcategory of A. 

6.1. Definition. Let X be an object in A. An a-resolution of X is a diagram 

A. ( . . . ^Ai ^Ao ^^-1 ) 

in A with j4_i = X and Ai ^ a for i > 0, such that, for all objects B in a, the induced diagram 
Honi(_B, j4,) is an exact sequence of abelian groups; in particular, Hom(i3, So) is surjective. 
An BL-coresolution of y is a diagram 

A' = {Ax ^...) 

in A with A\^Y and G a for i > 0, such that for all objects _B in a the induced diagram 
Hom(j4*,i?) is an exact sequence of abelian groups. Here Hom((5i,i?) is surjective. 

The next result is proved in |BJ2[ 1.3]: 

6.2. Lemma. Suppose 

(1) the coproduct of any family of objects of a exists in A and belongs to a again, 

(2) there is a small subcategory g of a such that every object of a is a retract of a coproduct of a 
family of objects from g, 

then every object of A has an a-resolution. 

The dual statement also holds: suppose 

(3) the product of any family of objects of a exists in A and belongs to a again, 

(4) there is a small subcategory g of a such that every object of a is a retract of a product of a family 
of objects from g, 

then every object of A has an a-coresolution. 
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One obtains (3) and (4) by replacing the categories A and a, respectively, in (1) and (2) by the 
opposite categories A°p and a°P. Given a functor F : A — > A, where A is an abelian category 
and F is linear (i.e., enriched in the category of abelian groups), then derived functors are defined 
by the homology (respectively, cohomology) 

(L„F)(X) = H„F(A.), 
(i?"F)(r) = H"F(A'). 

Here A, (respectively. A*) is a resolution of X (respectively, a coresolution of y) . 

We need the following concept of a S-algebra which allows the definition of a bigraded Ext 
-group. 

6.3. Definition. A 'S-algebra A ~ (A, a, S) is an additive category A together with an additive 
subcategory a and an additive endofunctor E : A — > A of A which carries a to a and which 
carries an a-resolution A, of X in A to an a-resolution 'SA, of EX in A. Dually, we define 
an fl-algebra A = (A, a, Q) where f2 carries an a-coresolution of X in A to an a-coresolution of 
nX in A. 

Given a E-algebra A and objects X, Y in A, we define the bigraded Ext-group by the cohomology 
(6.1) S^'" = Ext^(S^X,r), 

= H"^ HomA(EM.,r), 

= kcrnclHomA(E'*(5r+i, i^)/ imageHomA(E'*(5r, Y). 

Here = S o . . . o E is the s-fold composite of E. Such groups appear in the i?2-term of the 
Adams spectral sequence. 

7. Mapping algebras 

In this section we consider topological analogues of E-algebras and fJ-algebras of Definition 16. 3[ 
in order to provide a setting for defining higher order resolutions, and thus higher order derived 
functors. 

7.1. Definition. Let C be a category enriched in pointed spaces with zero morphisms. Then C is 
a Ti-mapping algebra if the category A — ttqC is a E-algebra and the bifunctor (n > 1) 

D„ : A°P X A ^ Ab 

0„(X,y) =7r„Morc(X,y) 

satisfies 

rs :i?„(X,y)=HomA(E"X,r) 

for X in a and F in A. Here E" = E o . . . o E is the n-fold composite of the endofunctor E of a. 
Dually C is the ^-mapping algebra if the category A = ttqC is an fi-algebra and (n > 1) 

TO : ^„(X,y) = HomA(X,fi"y) 

for X in A and Y in a. 

7.2. Definition. A E-mapping algebra C is complete if the endofunctor E of A = ttqC is induced 
by an endofunctor E of C and if a binatural transformation 

Ts : Morc(EA,r) ^VLMotc{A,Y) 

is given, where we use the topological loop space functor on pointed spaces. Moreover, the functor 
E : C — > C preserves zero morphisms and coproducts in C. 

An Sl-mapping algebra C is complete if the endofunctor f2 of A = ttqC is induced by an endo- 
functor r2 of C and if a binatural transformation 

TO : Morc(r,r!A) ^r!Morc(r,A) 

is given. Moreover, the functor i7 : C — > C preserves zero morphisms and products in C. Iteration 
of Ts (respectively, tq) induces the isomorphisms ts (respectively, tq) in Definition 17.11 
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7.3. Example. There are a number of different simplicial model categories of spectra, including the 
F-spaces of [BF , the iS-modules of |EKMM ] , and the symmetric spectra of [HSS] . All of these have 
pointed versions (cf. |Hovl Prop. 1.1.8]). In this and later sections, we let Spec* be any category 
of pointed spectra which is enriched in pointed topological spaces (or simplicial sets) , with function 
spaces of pointed maps 

Mor{X, Y) = Map*(X, Y) for X and Y in Spec* . 

We always assume that X and Y are both fibrant and cofibrant in our chosen model category. 

Clearly zero morphisms o : X ^ * ^ Y are defined in Spec*. Let A" be a class of objects 
in Spec* such that X is closed under coproducts and suspension E:„ that is, for A,A' E X we 
have Ay A' , e X. Then we have 

{X} C Spec* , 

where {X} is the full subcategory in Spec* with objects in X . Then C = Spec* with 
a = ttqIA"} C a = ttqC is a complete E-mapping algebra. 

Dually, let 3^ be a class of objects in Spec* such that y is closed under products and loop 
functor 17, that is, for B,B'ey, we have B x B' (flBey). Then we have 

{3^} C Spec* , 

where {3^} is the full subcategory in Spec* with objects in y. Then C — Spec* with 
a = 7ro{3^} C A = ttqC is a complete fJ-mapping algebra. 

7.4. Example. Let p be a prime and let H = Ii{Z/p) be the Eilenberg-Mac Lane spectrum. Let 
y be given by all products 

ff^^H X n"^H X ... X ff^^H 

with A; > 0, > for i — 1, . . . , k. Then C = Spec* with a = ttqIJ^} is a complete 
f2-mapping algebra, which we call the Eilenberg-Mac Lane mapping algebra. This is used in the 
Adams spectral sequence. 

7.5. Remark. In the examples of mapping algebras above the category C = Spec* is very large. 
For computations, however, we consider only the mapping algebras C' which are generated by 
{X} (respectively, {y}) and two further objects X and Y in Spec*. 

8. Existence of higher order resolutions 

We can use the definitions of Section [7] to state our main results on resolutions, which will be 
proved subsequently. 

Let C be a S-mapping algebra with a C A = ttqC. If a n-th order chain complex 

K:Zi^,-l)l ^Nul„C 

is based on an a-resolution in A, 

A, = {...^A,^Ao^A^,), 
of X ^ A^i, we say that K is an n-th order resolution of X in Nul„ C. 

8.1. Resolution Theorem. If there exists an a-resolution A, of X in A, then there exists an 
n-th order resolution K of X in Nul„ C (n>\). In fact, given an a-resolution A, of X in 
A, an n-th order resolution K of X exists which is based on A, . 

8.2. Remark. The Theorem shows that, if 'minimal' a-resolutions exist (as in the case of the Adams 
spectral sequence), then also an 7i-th order minimal resolution exists which is based on a minimal 
resolution in A. This is of high importance for computations. 

Dually, let C be a Jl-mapping algebra with a C A = ttqC. If an n-th order chain complex 

L : Z(+l, -cx))| ^ Nul„ C 

is based on an a-coresolution in A 

A- = (Ai^Ao^^-l^...), 

with Ai = Y , we say that L is an Ji-th order coresolution of X in Nul„ C. 
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8.3. Dual Resolution Theorem. // there exists an SL-coresolution A* of Y in A, then there 
exists an n-th order coresolution LofYin Nul„ C (n> 1). In fact, given an a.-coresolution A* 
of Y in A, an n-th order coresolution L of Y exists which is based on A* . 

8.4. Remark. In view of Lemma 3.6 (a) in |BJ2) . a 1-order resolution in Nuli C is a secondary 
resolution in the sense of |BJ2| . 

9. Left cubical balls 



For the proof of the Resolution Theorems 18.11 and 18.31 we require the notion of a left cubical ball, 
which serves as a book-keeping device to describe the combinatorics of higher tracks, and allows us 
to define the associated obstructions. 

A ball of dimension n is a finite regular CW-complex B with a subcomplex dB and a homeo- 
morphism of pairs 

w {B,dB) 

where i?" is the Euclidean ball. Two balls B, B' are equivalent if there is a cellular isomorphism 
B K B' . A ball S is a union 

B = Bi U . . . U Bfc 

of closed 71-cells Bi in B. We say that A is a sub-ball of i? if A ^ Bi^ U . . . U Bi^ for 1 < ii < 
. . . < it < k is a ball and if for t < k, the closure of the complement B — A in i? is also a ball, 
denoted by As, so that B — AU Ab- 

If A is also a sub-ball of a ball C with S — A O As — A f) Ac , then we obtain the union of 
complements 

AbUAc = Ab Us Ac , 

which is also a ball. 

9.1. Example. Let Tg" be the union of ah cells x {0} x in /"+\ and let T^" be 
the union of aU ceUs P'^ x {1} x (i = 1, . . . , n -M). Then T^' and T^" are balls of 
dimension n, with n -\- 1 closed n-cells. 

9.2. Definition. A left cubical ball is a ball B with a 0-vertex E B — dB with the following 
properties. Each closed n-cell Bi is equivalent to and each closed {n — l)-cell e is equivalent 
to J"~^, such that for e C -Bj n Bj the diagram 

Bj D e c Bi 

hj Ki fB ~ hi 

jn jn — 1 ^ jn 

commutes. Here d^j and de,z are morphisms in the left cubical category □. The vertex is also 
a vertex of each Bi and the equivalence hi : I" oi B^ carries to 0. Moreover, the union 

hi{T^-^)U...Uhk{T^-^)^dB 

is the boundary of B. 

Examples of left cubical balls of dimension 2 appear in in Figures [T] and [2J 




Figure 1. Some left cubical balls of dimension 2 
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Figure 2. A 2-diniensional left cubical ball 

9.3. Example. The push out of /" i — Tg""^ — > I", called the double of is a left cubical 
ball. Moreover, Tq is a left cubical ball. 

9.4. Lemma. Let A be a sub-ball of B and C, where B and C are left cubical; then the union of 
complements As ^ Ac is left cubical. 

9.5. Remark. Let i? be a left cubical ball of dimension n with k closed n-cells. Then B is equivalent 
to the double of /" for fc = 2 and B is equivalent to for fc = n + 1. For 2 < fc < n + 1, 
such a ball does not exist. For fc > n + 1 there is a 1-1-correspondence between left cubical balls 
(up to equivalence) and simplicial complexes homeomorphic to the iji — l)-sphere S*"^^. The 
correspondence carries B to the boundary of a small neighbourhood of in i3. 

10. Obstructions 

Let X be a pointed space with o € X the base point. Let i? be a ball and let a : B — > X be a 
map with a{dB) = a. We obtain the map 

(10.1) a: S'^ ^ E"/S"-'^ ^ B/dB—^X , 

which represents an element 0(a) € 7r„(X) in the n-th homotopy group of X. Now let B ~ 
BiU ...UBk be a left cubical ball. Then 

r'-!^Bi c B-^x 

is a left n-cube representing an rt-track g Nul„(X)„. 

Then for e G BiC] Bj we have the gluing condition in B (see Definition 19. 2p . 

(10.2) d;,a, = dl^a,. 

10.3. Lemma. Each k -tuple (ai,...,afe) of n-tracks in Nul„(X)„ satisfying (|10.2p yields 
(up to homotopy relative to the boundary) a well defined map a : B X with a{dB) ~ a. This 
defines the obstruction Osiai, . . . ,ak) = 0{a) in 7r„(X) as above. 

Now let B ~ Tq — i?i U . . . U Bn+i and let oi, . . . , a„+i € Nul„(^)n be n-tracks satisfy- 
ing (|10.2p . Then we get the boundary property: 

10.4. Lemma. OT^{ai, . . . ,a„+i) = if and only if there exist a G Nul„+i(X)„-|_i with d^a 
representing a^. 
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Proof. We choose representatives a[ of which define a map 

1: 

with a{T") — and a|T" = a'j^ U . . . U a'^^j^. Here a extends to J"+i if and only if 
O(a'iU...Ua;+i) = 0. " □ 

The next result is the Complement Rule. 

10.5. Lemma. Let B = Ai U . . . (J A,. U Bi U . . . U Bt and C = U . . . U U Ci U . . . U Cs be 

left cubical balls with the sub-ball A ^ Ai U . . .U Ar. Then 

Ociai,...,ar,ci,...Cs) = 

implies that for D = As U Ac 

Osiai, . . . ,ar,6i, . . . ,&t) = Onibi, . . . ,6t,ci, . . . ,Cs). 
Of course, there is the following Double Rule: 

10.6. Lemma. // B = Bi U B2 is the double of /" then for ai = a2 we have: 

OB{ai,a2) = . 

10.7. Definition. Let B = BiU . . .L) Bk be a left cubical ball. Then for each 1 < i < k we have 
a map 

: r ^ B, C B ^ E"" , 

where /" and E" are oriented by the inclusions of /" and i?" in M". We set = +1 
if the map Si is orientation preserving, otherwise Ei = —1. We call Si the orientation sign of 
B,. 

Let B = Bi U B2 be the double of /". Then Si = —£2, and we can choose Bi so that 
£1 = 1, In this case we define the action + of a G 7r„(X) on an n-track a G Nul„(X)„ by the 
n-track a + a which satisfies 0{a + a,a) — a [n > 1). 

10.8. Lemma. The action + yields a well defined effective and transitive action of the group 7r„(X) 
on the set of all n-tracks a £ Nul„(X)„ which coincide on the boundary (that is, d^a — bi, where 
(61, ... , bn) is fixed). 

10.9. Lemma. Let B ~ BiU. . .UBk be a left cubical ball and let 0^(01, Ofe), Osia'i, . . . ,a'i^) 
be defined, where 

a[ = Oi for i / j 

a'j = Oj + a for i = j, a E TTn^X). 
Then we have the Action Formula; 

0{a[,...,a'^.) = 0{ai,...,ak) + eja . 

11. n-TRACK CATEGORIES 

We now define the concept of an n-track category, which encompasses the properties needed for 
the construction of higher order resolutions. 

Let C be a category enriched in pointed spaces with zero morphisms. Let n > 1 and let 

T = Nul„ C , 

A ^ ttqC , 

Z? : A°P X A — > Ah , D{X, Y) = 7r„ Morc(X, Y) , 

05(01, flfc) is defined in Nul„ Morc(X, Y) (see (IT0J|) ). 

Then (T, A, D, Ob) has the following properties of an n-track category. Here we assume for n — 1 
that TTi Morc(-'^, Y) is abelian for all objects X, Y in C. 

11.1. Definition. An n-track category [n > 1) 

T = {T,A,D,0) 

is given by an n-graded category T, a quotient functor T° — > A; a bifunctor D : A°p x A — > Ab 
and an obstruction operator O. The following properties hold: 
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T is enriched in left n-cubical sets and has zero morphisms, that is, for all objects X, Y in 
T, we have the ri-cubical set Moit{X,Y) with operators (d*)* = 5* and zero elements 
o* e MorT(^, Y)t such that 

d\fg) = {d'f)g for z < dim(/) 

dKfg) = /(a^-'""(^)5) for i>dim(/) 

o g = o 

dim(/) + h 



o 



Here fg is the composite in the n-graded category T, which is defined if dim(/) + dim(g) < 
n. 

The 0-skeleton T'^ is the subcategory of T consisting of morphisms / with dim(/) ~ 0, this 
is a category together with a functor q : — > A which is the identity on objects and full 
(quotient functor). Moreover. is a bifunctor 

£> : A°P X A ^ Ab 

into the category of abelian groups. Here D defines via q a bifunctor on T° which satisfies 
(o°)* = o and (o°), — o. For a zero morphism : X — > Y in T° we obtain the zero 
morphism ox.y — 9(0") in A. 

For f : X — >Y in T°, we have q{f) = ox,y if and only if there is F : X — >Y 
in T with dim(i^) = 1 and d^F = f. This is the boundary property in dimension 1. 
The obstruction operator O yields for each left cubical ball B an element 

OBiai,...,ak)eD{X,Y) 

where ai,...,ak G MoT'r{X,Y)n is a fc-tuple satisfying the gluing condition in B, 
see PIT^ . 

This obstruction operator satisfies the complement rule, the double rule, and the action 
formula as in Section [TUl Here the action + of D{X,Y) on the set MorxC-'f, i^)n is 
defined by: 

if 03(01,0) = a, then ai ~ a + a . 
Here B is the double of /" with £1 = +1. 

The action + is transitive and effective on the set of all elements a in MorT{X,Y)n 
which coincide on the boundary (that is, d'a = bi, where (&i, . . . , &„) is fixed). 
The obstruction operator satisfies for 

/ e MorT(X',X)o and g (zMott{Y,Y')q 

the naturality rule 

Osigai,. . . ,gak) = g^Osiai, . . . ,ak) 

OBiaif,...,akf) = rOBiai,...,ak) . 

Here /* AND denote the induced maps on D. This implies g{a + a) = ga + g^,a 

and (a + a)f = af + f*a. 

The obstruction operator satisfies the following triviality rule: For morphisms 

Z^^Y^^X 
in T with dim(/), dim((7) < n and 

dim(/) + dmi{g) = n + 1 
we have the (n + l)-tuple (ai, . . . , a„+i) in MorT(^, given by 

Ud'f)g for 1 <i <dim(/), 

[/((9*-'^™(^'.g) for dim(/) <t<n + l. 

This {n + l)-tuple satisfies the gluing condition in _B = Tq . The associated obstruction 

Osiai, . . . ttn+i) = 

is trivial. 
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We now are able to define n-th order chain complexes in an n-track category, for this we replace 
Nul„ C by T as follows, see Section |4l 

11.2. Definition. Let {T,A,D,0) be an n-track category. A functor of n-graded categories 

K:Z{N,M)l 

satisfying the inclusion property (j4.1[) is an n-th order pre-chain complex in T. This is an n-th 
order chain complex in T if for i,i — n — 2 £ Z,(N, M), the obstructions 

OK{l, din+l) = Osibu ■ • • , ^^n+l) = 

vanish. Here B is the left cubical ball B = Tq , and 

r h=K{i,%®In) 

K{i, din+i) = < br+1 = K{i, Ir ® In-r) for 1 < r < n — 1 
(see (|4.5p l. Since K is, a. functor we have 

K{l,^®In) = K{l-n-l,{D)K{i,In) = 5^-n-lK{i,In) 

where the right hand side denotes composition in T. We define higher order Toda brackets in T in 
the same way as in Definition 14.61 



{Si,...,5n+2) C D{Kn+2,Ko) . 

12. Track categories and 1-track categories 

We show that each abelian track category with zero morphisms has the structure of a 1-track 
category. This shows that n-track categories are n-dimensional analogues of track categories for 
every n > 1. 

A track category is a category C enriched in groupoids. For objects X , Y in C we have the 
groupoid Morc(-'^, Y) with objects /, g and morphisms F : f — g. 

The morphisms F:f — >f form the automorphism group Autc(/), and we write f — g if 
there is F : f — > g. Let dim(/) = 0, dim(i^) = 1, {dl)*F ^ and {dl)*F = g. Morphisms 
of dimension form the category Cq , and the homotopy relation ~ defines the homotopy category 

A = ^oC = Co/2i. 

Let C be abelian, i.e., all automorphism groups Autc(/) are abelian groups. We assume that 
C has zero morphisms ox.y G Moic{X,Y)o. Then we get a bifunctor 

L> : A°P X A ^ Ab, 

DiX,Y) ^ Antciox^y). 
We define the 1-category T associated to C by 

('MorT(X,r)o =Morc(X,y)o 

\movt{X,Y)i = {iF,f),F: f ^ ox,y} C Morc(X,r)i. 

Let be defined by d^{F,f) = /, and let the zero elements be given by o*^ — ox,y, = 

identity of ox.y- 

12.1. Proposition. Let C be an abelian track category with zero morphisms. Then C yields the 
1-category Null C = (T,A, !?,(!?) with T, A and D as above and with the following obstruction 
operator O. 

Up to equivalence there is only one left cubical ball B of dimension 1: this is the double of 
/, which is equivalent to T^. Given ai — {F, f) and 02 = iG,g) with gluing condition 

d^ai = f = g = d^a2, let 

OB{ai,a2) := FG'^ e Ante {ox,y) 
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be the obstruction. The action for a G Autc (ox,y) and a ~ {F, /) is given by a + a — {aF, /), 
with Ob{o, + a, a) = aFF^^ ~ a. The triviahty rule of O is satisfied, since for a diagram 

o o 

ill C we have the formula Gf — gF, so that 

03(01,02) = for/isTOOi = (a^i^)G and 02 = F{d^G) . 

12.2. Example. Let C be a category enriched in groupoids with zero morphisms and let C be 
abelian. Then the 1-track category Nuli(C) is defined and a triple Toda bracket 

{61,62,63} ill Nuli(C) 

coincides with the classical triple Toda bracket in C. Moreover, a 1-st order chain complex in 
Nuli(C) as defined in 111.21 coincides with a secondary chain complex in C as studied in |BJ2| . 

12.3. Remark. Abelian track categories are classified by cohomology, see |BW| . |BD| . [P] . |B1| . |BJ1| . 
It would be interesting to classify accordingly 1-track categories and n-track categories for n > 1. 

13. The inductive step of the resolution theorem 

An n-track category T = (T, A, D, O) is a Yi-track algebra in dimension n if A = (A, a, E) is a 
E-algebra and 

D{X, Y) = HomA(E"A:, Y) 

for A" in a and Y in A. See Definition 16.31 We say that T is a Q-track algebra in dimension n if 
A = (A, a, il) is an fi-algebra and 

D{X,Y) = HomA(A:,17"r) 

for Y in a and X in A. 

13.1. Theorem. Let T be a "E-track algebra in dimension n and consider a functor of n-graded 
categories 

:Z(oo,-l)g 

which is a pre-chain complex and which is based on an si-resolution A, of X in A. Then there 
exists a functor 

K':Z{^,-1)1 

which coincides with K in dimension < n — 1 and which is an n-th order chain complex in T (and 
is based on A, ). 

The dual also holds. 

13.2. Theorem. Let T be an fl-track algebra in dimension n and consider a functor of n-graded 
categories 

L :Z(+1,-^)S ^T 

which is a pre-chain complex and which is based on an a-coresolution A' of Y in A. Then there 
exists a functor 

L' : Z(+l,-oo)g ^T 

which coincides with L in dimension < n — 1 and which is an n-th order chain complex in T (and 
is based on A* ). 

Proof. The functor K' is determined by K in dimension < rt — 1 and by 

(13.3) K'{t,In)=K{t,L„)+a„ i>n-l 

in dimension n. See Lemma 13.31 Here the elements ai are obtained inductively as follows. We have 
to choose ai, i > n, in such a way that the obstruction 

(13.4) aa^-l,a,) = Ob {6,-n-iK'{i, /„), &2, • • ■ , K'{i - 1, IM 
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vanishes with = K{i, Ir <E> In-r) for 1 < r < n — 1, see lll.2l We start with i = n + \. In this 
case ((5o)* is surjective since A, is a resolution with (5o : — > A-i, ^-i = X . The action rule 
shows 

(13.5) f(ai_i,ai) = ^(0,0) + ei(5i-„_i)*a,; + £„+i((5i)*ai_i. 

Here ei, . . . , e„+i are the orientation signs for the left cubical ball B — Tq. For i = n + 1 we get 
for an — the equation 

f (0, a„+i) = f (0, 0) + £i(5o),a„+i. 

Since (^o)* is surjective there is q;„+i with ^(0, = 0. We now consider (I13.5P for 

i = n + 2. Then we show that 

(13.6) ((5o),^(a„+i,a„+2) = 0. 
Since A, is a resolution this shows that 

(13.7) ^(a„+i,a„+2) e image((5i)*. 
Since by p3.5p we have 

(13.8) ^(a„+i,a„+2) = C(0, 0) + ei((5i),a„+2 + en+i'5^+2"n+ij 

we can choose a„+2 with ^(a„+i,a„+2) = 0. This way we get inductively a,;, i > n, such that 
f(ai_i,ai) = 0. Hence K' defined by (jl3.3l) satisfies the obstruction property and hence is an 
n-th order chain complex as in the Theorem. In the next lemma we show that (I13.6P holds. □ 

We introduce the following notation on the 'boundary' of /„+i, n > 0. Let 

9/i = ® 

and for n > 1 let 

(13.9) din+i = (0 ®/„,/i(g)/„_i, /2®/„_2,. ®/l,/n<» 0). 

(see (|4.5p l. We also write 

(n) = (Ji /„-!, /2 ® In-2, • • • , I71-I «) h) , 

so that 

din+i = (0®/„,(n),/„(^0). 

Given a functor K' : Z(oo, — 1)§, — > T which is a pre-chain complex, we obtain for i > n > 1 
the obstruction element 

OBK'{l,dIn+l) 

where B = Tq. This corresponds to (|13.4p in the proof above. 
13.10. Hauptlemma. Let n > 1, i > n + 2, and assume 

OBK'{l-l,dIn+l)=0. 

Then we also have 

For the proof of Hauptlemma 113.101 we use the following equation given by the triviality rule 
with r + s = n + l, r>l, s>l, i>n. 

(13.11) OBK'{i,dr^s)^0, 

where 

dr^s = iidlr)®lsjr®idl,)). 

The assumption implies 

(13.12) OBK'ii,idIn+i)®9) =0 
by the naturality rule. 
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Proof of Hauvtlemma \13.TU[ for n = 1. In this case we have the triviahty rule p3.1ip which we 
write as 

(13.13) (0(8)0®/i,/i ®0® 0) - . 
The assumption imphes (|13.12p : 

(13.14) r = (0®/i,/i®0)®0~O. 
We have to show 

(13.15) X = 0®(0(g)/i,/i(^0)-O . 
In fact, by the complement rule and (jl3.13l) . we get 

X ~ (/i ® (g) 0, «) /i ® 0) 
so that X - by (|13.14p . □ 

Proof of Hauvtlemma \13.T(][ for n — 2. We omit (g) in the notation and write VW for V(S>W. By 
(|13.1ip . we find: 

(13.16) ((0/i,/i0)/i,/200) -0 
and 

(13.17) (00/2,/i(0/i,/i0)) ~0. 
By the assumption (|13.12p we have 

(13.18) y = (0/2,/i/i,/20)0 ~ 0. 
We have to show 

(13.19) X = 0(0/2, /i/i,/20)-O. 
By the complement rule and (|13.17l) (replacing 00/2) we get: 

X ^ (/i(0/i,/i0),0/i/i,0/20) = X' . 
By the complement rule and p3.16p (replacing /200) we get 

Y ^ (0/20, /i/i0, (0/i,/i0)/i) = y . 
Here we have X' = Y', so that X X' = Y' ^ Y ^ 0. □ 

Proof of Hauvtlemma Vl3.1(K By (|13.1ip we have the relations 

(13.20) dr^s^Q for r + s = n + 1, r > 1. 
By (|13.12p , the assumption implies that 

(13.21) y = (a/„+i)0 ~ . 
We have to show that 

(13.22) X = 0Cg)((9/„+i) -0. 

We now apply the complement rule inductively to Y by use of foi' s — 1, . . . , ['^/2]. This 

yields the equivalence Y Y' . Similarly, we apply the complement rule inductively to X by use 
of dr^s for f — ■ ■ , This yields X ^ X' . If n is even, we have Y' = X' , so that 

Q^Y^Y' = X'^X, by (|13.2ip . If n = 2n' + 1 is odd, we can use 9„'+i,n'+i to show that 
X'r^Y'. By (UMIl), this implies that - y - y' - X' - X. ' □ 

The proof of Haupt lemma 1 1 3 . lUl involves left cubical balls with the number of cells < [n/2]{n — 
l) + n + l. 
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14. Track algebras and proof of the Resolution Theorem 

In order to prove Resolution Theorem 18.11 we need to relate track categories of different dimen- 
sions, as follows: 

A total n-track category T(< n) is a sequence of m-track categories 

T(m) = (T(m), A,L>„,0'") for m=l,2,...,n 

together with quotient functors 

q : T(to + 1)™ ^ T(m) 

which is the identity on objects and is full and is the identity functor on (m — l)-skeleta 

q : T(m+ l)'"~i = T(m)"-i . 
Moreover, the boundary property of Lemma (jl0.4p holds - that is, for B — T™, we have 

0^(ai,...,a„+i) =0 

if and only if there exists a G T(m + l)m+i with q{d^a) representing for i = 1, . . . , to + 1. 

14.1. Example. Let C be a category enriched in pointed spaces with zero morphisms. Then 

Nul<„C (Nul„C,Nul„_iC,...,NuliC) 

is a total n-track category. 

We say that T(< n) is a 'S-track algebra if A = (A, a, E) is a S-algebra as in Definition 16.31 
and 

= HomA(s™x,y) 

for m = 1, . . . , n and X in a and Y in A. 

Dually we say T(< n) is an fl-track algebra if A = (A, a, ft) is an fi-algebra as in (|6.ip and 

=HomA(X,f]™y) 

for m = 1, . . . , n and X in A and Y in a. 

14.2. Example. Let C be a S-mapping algebra then Nul<„ C is a E-track algebra. If C is an 
il-mapping algebra then Nul<„ C is an fi-track algebra. 

We now obtain the following Resolution Theorems, which generalize those of Section [51 

14.3. Theorem. Let T(< n) be a "E-track algebra and let A, be an a.-resolution of X in A. 
Then there exists an n-th order chain complex 

if :Z(w,-l)g ^T(n) 

which is based on A, . We call K an n-th order resolution of X in T(n). 

14.4. Theorem. Let T(< n) be an fl-track algebra and let A' be an Si-coresolution of Y in A. 
Then there exists an n-th order chain complex 

i:Z(+l,-oo)S ^T(n) 

which is based on A'. We call L an n-th order coresolution ofY in T(n). 

Proof. The boundary property shows that there exists a functor 

if'(l) :Z(oo,~l)^ -T(l) 

which satisfies the inclusion property and which is based on A, . Hence by Theorem 113.11 we find a 
1-order chain complex K{1) which is based on A, . Now the boundary property shows that there 
is a functor 

if'(2) :Z(oo,-l)^ -T(2) 

which satisfies the inclusion property and which based on A, . Again the boundary property 
shows there exists K'{3), so that bv Theorem 113.11 one obtains K{3). Inductively, we thus have 
K = K{n). □ 
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14.5. Example. Let C be the Eilenberg-Mac Lane fJ-mapping algebra. Then minimal coresolutions 
A' of Y are defined in A and hence we can find an n-th order coresolution of Y in Nul<„ C based 
on A* . We call Nul<,i C the algebra of cohomology operations of order < n + 1. This is an 
ri-track algebra. It is convenient to consider the dual of Nul<„ C, which is a S-track algebra and 
for which a is the category of finitely generated free modules over the Stenrod algebra. 

14.6. Remark. The main result of [B2] computes the algebra of cohomology operations of order < 2 
in terms of a bigraded differential algebra B over the ring Z/p^. This leads to the conjecture 
that also the algebra of cohomology operations of order < n {n > 1), can be described up to 
equivalence by a bigraded differential algebra over Z /p^ . 

15. Higher order ExI-groups 

In this section we deduce from higher order resolutions the associated higher order derived func- 
tors, which are higher order Ext -groups. We shall see that the i?„-term in the Adams spectral 
sequence is such a higher order Ext-group for n > 2. 

It is classical that the E2 of the Adams spectral sequence is given by the 'primary' Ext-groups 
of homological algebra, see (|6.ip . In \B32\ we studied the secondary Ext-groups which determine 

Let T(< n) {n > 1) be a E-track algebra so that for m = 1, . . . ,n we have the m-track 
category 

(15.1) T(m) = (T(m),A,i?„,0") 

with a C A and X) = IIomA(S™A, X) for objects A in a and X in A. Let A, be an 

a-resolution of X in A and let 

(15.2) K:Z{oo,~l)l ^T(n) 

be a n-th order resolution of X based on A, (see Theorem 114. 3p . Furthermore, let Y be another 
object of A, and consider the diagram in A: 

(15.3) ^Ar 



Y 

The row of the diagram is the a-resolution A, of X. We assume that /3 is a cocycle, that is, 
(15.4) (3Sr+i = 0. 

Then /3 represents an element {/?} in the Ext-group 
(15.1) E;'' =Ext'j,{X,Y) 

= W HomA(A.,y) 

= kernel (5* _|_]^/ imaged*, 

where 

S; : Horn A ( A - 1 , y ) ^ HomA iAr,Y) . 

Using the a-resolution Y.'^A, of H'^X, we get accordingly for s > the bigraded Ext-group 
(see (EH)), 

£;^'' = Ext^(i]''x,y). 

We shall define a differential 



(15.5) d2 = d^'' : E;'' ^E^ 

Moreover, inductively for m > 2 we consider subquotients of £^2"*' together with 

differentials 

(15.6) = d^A^ : ^j^r+m.s+m-l 

satisfying dmdm = 0, and 

<„;i = kernel(d;i^)/image(d:„''"^^-"+i). 
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We call E^^^ for m — 2, . . . ,n + 1 the higher order Fi^t-groups associated to the n-th order 
resolution K oi X above, replacing X hy 'S'^X, we obtain the groups E^^f, accordingly. 

15.7. Definition. Let ]3 G be represented by {/?} G E^^'" (1 < m < n), and let L be a 

(m— )-order chain complex 

L:Z(oo,r-l)™-i -T(m - 1) 

based on the diagram 



"^r+m+l • ■ • ^Aj. , 



in A. We assume also that L restricted to Z(c»,r) coincides with the (m — l)-skeleton of K in 
T(m — 1). The boundary property in T(m) shows that there is a functor 

L:Z(oo,r-l)™ -T(m) 

which is a pre-chain complex such that L restricted to Z(oo, r) coincides with the m-skeleton of 
K, and such that the (m — l)-skeleton L{m — 1) of L satisfies qL{m — \) — L in T(m — 1). 
We then obtain the obstruction 

OL{r + m + 1, dl,n+i) ^OBih,..., &™+i) G HomA(S'"A+„+i, F) , 

where B = Tg™ and 

{bi =L(r + m + l,0(g)/„), 
&/C+1 = X(r + m + 1,4 ® /„i-i), 1 < A; < TO - 1, 
6„i+i = L{r + m + 1, (g) 0) 

(see (j4.5p '). Now the element OL{r + m + l,dlm+i) represents the differential 

15.8. Theorem. Let T(< n) = Nul<„ C he the Y.-track algebra given by the complete Ti-mapping 
algebra C of Examvle \7.3[ Then Definition \15.7\ yields a well defined sequence of Fixt-groups E^-^^ 
for TO = 2, . . . ,n + 2. These groups depend on the weak equivalence class of the T,-track algebra 
T(< n), and not on the choice of the n-th order resolution of X . 

15.9. Theorem. Let T(< n) = Nul<„ C be the Yi-track algebra given by the dual C of the 
Eilenberg-Mac Lane ^.-mapping algebra. Then the l^xt-groups E"^^ (2 < m < n + 2), yield the 
m-term Em of the Adams spectral sequence which converges to the stable homotopy set {Y,X} 
for finite spectra X and Y . 

For n = 1 this result is proved in |BJ2[ Section 7]. 

16. Strictification of higher order resolutions 
In this section we use the strictification of higher order resolutions to prove Theorems 115.81 and 

Let C be a S-mapping algebra as in Example 17.31 Hence C is given by an underlying model 
category and cubes 

/" — > Morc(X,r) 

having an adjoint 

(16.1) (/" X X)/(/" X *) — > r . 

Here (/ x X)/{I x *) is the pointed cylinder of X. We then have the additive category A ttqC, 
and the full additive subcategory a = TTojA"} given by the class of spectra X in 17.31 We define the 
full subcategory a, with 

(16.2) a C a C A . 

Here a consists of all abjects A in A which are isomorphic in A to an object in a. 
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16.3. Definition. Let T be an n-graded category (such as Nul„ C or nul„ C) with a quotient 
functor (7 : T° A. Let K^L : Z(oo,— 1)^ T be functors of n-graded categories. A weak 
equivalence t : K ^ L over X is a natural transformation r which for objects i in consists of 

a map 

n: Ki^ L, in T° 

which induces an isomorphism gr,; in A. For i = — 1, the map r_i : K^i = X = L^i is the 
identity of X. For a morphism V : i j in Z,^, we have the commutative diagram in T: 

K, L,, 



K{V) 




L{V) 



or equivalently, TjK{V) = L{V)Ti. Let ^ be the equivalence relation generated by weak equivalences 
over X. 

16.4. Lemma. K,L : Z(oo,— 1)^ Nul„ C be n-th order resolutions of X . If K ^ L are weakly 
equivalent over X , then the higher l^xt-groups defined by K and L are isomorphic. 

We shall show that the higher Ext-groups actually do not depend on the choice of resolution of 
X. For this, we use the strictification of resolutions. 

16.5. Definition. Let T be an n-graded category (like Nul„ C or nul„ C) and let K : Z{oo, — 1)§, — s- 
T be a functor of n-graded categories. Then we say that K is N-strict with > if for alH < iV 
and k = 1, . . . ,n we have K{i, Ik) — o. This shows that 6i ~ K{i, 0) : Ki — > Ki^i yields a sequence 
of maps in T° 



Kn Kn-i -> 



with K^i ~ X and 55 = o This is a strict chain complex in T*^. 
We say that K is N-fibrant if there are fiber sequences 

Zi ^ Ki Zi^i p o = o , 
in the model category witli 5i — ji^ip for i<N, and 5^ admits a factorization 

Kn ^ Zn^i Kpf^i . 

Moreover, K is N- exact if for i < N and A in a the induced sequence 

HomA(A,Z,) ^ HomA(A,A:,) ^ HomA(^,Zi-i) 
is a short exact sequence of abelian groups. 

16.6. Theorem. Let n > 1 and N > 0, and let K : Z(cx), — 1)§, —> Nul,i C be an n-th order resolution 
of X based on the a-resolution A, of X in A. Then there exists an N-(strict, fihrant, exact) n-th 
order resolution L of X based on an a-resolution A, of X in A such that L ^ K are weakly equivalent 
over X . 



Here we use the large category a in (jl6.2p . The resolutions A, and A, yield by tlie weak 
equivalence L ^ K over X the commutative diagram in A: 




Here the vertical arrows are isomorphisms in A and we have Ai — Ki and Ai = Li for i > —I. 
16.7. Remark. The dual of Theorem 116.61 holds for coresolutions. 
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Proof of Theorem 1 1 6. 61 for n = 1. We use induction over N . Assume the result is true for ri = 1 
and iV > 0. Then the map p with (Jat-i = jp admits a factorization 



(16.8) 



P 



K 



N >- 



Ln 



which defines L„. Hence we get the diagram 
(16.9) Kn+1 

s 

Ln ^ — Km 



Zn-1 



Zn-1 



Ln-1 Kn^i 

Here H — K{N + 1, Ii) satisfies pH -.0^0, so that pH is a map a : Sifjv+i — ^ Zm-2 which is 
nullhomotopic, since jN-2C( — o as fohows from the obstruction property of K and A^-exactness. 
The hft of jff-2CK ~ o through pn-i shows that the track H can be represented by a homotopy 
H : pS ^ o; that is, the 1-track {Jn^iH} coincides with H. We then get the following diagram 
with the cylinder /ifjv+i and inclusions iq, ii of the cylinder. We set Ln^i'.^K^^i. 

(16.10) Ln+i^-^^IKn+i ^ <Kn+i 




Zn-1 = Zn^i 



Here is a lift of H through pjv, so that the diagram commutes with pj^HiQ = a. Hence for 
5 — Hio, the left hand side is {N + l)-strict and {N + l)-fibrant. Moreover, the left hand side is 
{N + l)-exact, that is: 

(16.11) (pn)* = HomA(Am) : HomA(Aiiv) ^ RoinA{A, Zn^i) 

is surjective for all A in a. In fact, we have for a S HomA(^, Z^-i) the equation Sj^-ia = 0, 
so that by exactness of A, we have j'jv-io: = 6j3 = Jn-iPmP, so that a = pnP by injectivity of 
(jAf-i)*- Moreover, (jat)* is injective since we have the fiber sequence where HomA(^, f^pw) = 
HomA(Syl,piv) is surjective, since G a. 
We now construct weak equivalences 

(16.12) L ^ K 

where and ii are the identity in degrees < A^. In degree A" the resolution L is given by the 
diagram above. In dimension 0, diagram p6.12p is given by the commutative diagram: 

(16.13) ^Kn ^ATjv-i 

■ ■ • ^ IKm+2 — IKm+1 ^ > Ln ^ K^-i ^ ■ ■ • 



Kn+2 ^ A'at+i 9- Ltv ^ -^AT-l 
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It is easy to find appropriate R{N+l,Ii), R{N + 2,Ii), and R{M , h) ^ I K {M , h) for 
M > N + 3, so that (|16.12p is well defined. Here we use the adjoint maps in (|16.ip . This 
completes the proof of Theorem [16.61 for n = l. □ 

16.14. Transport Lemma. Let K he an n-th order resolution of X in Nul„ C with (n — l)- skeleton 
is:("~i). Let 



NuL, C 



be weak equivalences over X. Then there exist unique n-th order resolutions L and R in Nul„ C 
together with weak equivalences 

L ^ K A R 

which, restricted to (n — l)-skeleta, coincide with f and g respectively. 

Proof. We use Proposition II. 2. 11 in [BlJ for sets of n-tracks. □ 

16.15. Lemma. Let q : nul„ C — > Nul„ C be the quotient map of Section\^ and let qK , qL be n-th 
order resolutions of X in Nul„ C . // qK ^ qL are weakly equivalent, then also K ^ L are weakly 
equivalent over X in nul„ C . 

16.16. Lemma. Let n > 2 and N > 1, and let K he an n-th order resolution of X in Nul„ C . 
Assume that the (n — l)-skeleton in nul„ C is {N — l)-(strict, fihrant, exact). Then there is 
an n-th order resolution L of X which is is N -(strict, fibrant, exact), such that L ^ K are weakly 
equivalent. 

Proof. Let i<N. Since the (n — l)-skeleton is strict, the n-track K{i,In) is given by an element 
a, G HomA(S"i^j, K,^n-i) i-n-l>-l . 



By the obstruction property of I'C we have Sai ± ai-iS = 0. 

We now use the induction over i and assume aj — for j < i. 
exactness yields /? with ai — (36. We construct weak equivalences L 
in dimension are given by the commutative diagram 



z+l 



IS 



IK, 



■IK,, 



K,- 



K 



i+l 



K,, 



Then 5ai = 0, and the 
R^ K in Nul„ C which 

K 



R 



The (n — 2))-skeleton of R is strict. We define i?(i,/„_i) 
that if) is a well-defined map and L is i-strict in Nul„ C 



L 



by (3. Then we can choose i?(i,/„) such 

□ 



Proof of Theorem \16.6\ for n > 2. By induction on n, we assume that the Theorem holds for n — l. 
Let K he a resolution of X in Nul„ C, and let K^"~^'> be the (n — l)-skeleton of K in nul„ C. 
For qK^"^^^^ we get by assumption a weak equivalence qK^"^^^^ ^ gL^"^^^ where L is A^-strict. 
Hence by Lemma 116.151 we have A'(""i' - and by the Transport Lemma [T6J41 we get 

K ^ L in Nul„ C, where L^"^^^ is strict. Now Lemma [16.161 yields L L' in Nul„ C, where 
L' is TV-strict. □ 

Proof of Theorem ] 1 5. 8[ Let K and L be two resolutions of X in Nul„ C. By Theorem 116.61 we 
have L ^ L' and K ~ K' , where L' and K' are A^-(strict, fibrant, exact) for large N . This yields 
a map of spectral sequences Ek which induces an isomorphism on the i?2-term. Hence 

Ek — s- El is also an isomorphism. □ 

Proof of Theorem \15.!A An 7V-(strict, fibrant, exact) coresolution of X for large N , as in Remark 
116.71 corresponds to the X-coaugmented sequence in |BJ21 §6.7] given by the Adams fiber tower 
[BJ21 7.1]. □ 
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16.17. Remark. Strictification results for oo-homotopy commutative diagrams appear in [BV, The- 
orem IV. 4. 37] and |DKS[ Theorem 2.4], inter aha. However, these do not yield the precise case 
needed for Theorem 116.61 The exphcit construction given in this context may be of independent 
interest. 

17. The differential d2 

The first interesting higher order Exta-group involves the d2-difFerential of the spectral sequence, 
which we now describe: 

Let T(< 1) be a E-track algebra and let K he a resolution in T(l) of X, based on A, in 
A, see (|15.2p . Then we define 

d2 : Ext^(X,r) ^Ext^+\S]X,r) 

as follows. For {/?} £ Ext^(X, F) with P : Ar Y in A, we have (36r+i = 0, so that there 
is a 1-track H with d^H ~ f36r+i- On the other hand K yields a 1-track G with d^G = Sr+i5r+2- 
Then the obstruction of Definition 115.71 is 

(17.1) uj = OL{r + 2, dh) = 0{H5r+2, PG) G [EA,+2, Y] 

and this element represents (i2{/3} = {^}- 

17.2. Lemma. The differential d2 is well defined. 
Proof. We first check that a; is a cocycle. In fact, 

uj{T.6r+z) = 0(i/<5.+2,/3G)(S<5,+3) 

(1) =0{H5r+26r+Z,PG5r+:i) 

(2) =0{H5r+25r+Z,P5r+lG') 

(3) = 0. 

Here (1) holds by na,turality of O. Moreover, G' in (2) is the 1-track with d^G' = (5r+2<5r +3 given 
by the resolution if so that ©(G^r+a, ^r-i-iG') = 0. Hence by naturality also 0{jiG5r+'i, PSr+iG') — 
0, so that (2) holds by the complement rule in the Appendix below. Finally (3) holds by the triviality 
rule. 

Next we show that {w} does not depend on the choice of H. If we choose H' instead, there is 
an a with H' = H + a, and we get 

u' = 0{{H + a)Sr+2,f3G) = uj ± aSr+2 

by the action rule. Hence w — w' is a coboundary, so that {uj'} — {uj}. 

Finally, we check that d2{P} is trivial if /3 is a coboundary - that is, /3 — j3'6r. In fact, we 
can then choose H to be the 1-track j3'G" , where G" with 6^G" — SrSr+i is given by K, so 
that 0{G"Sr+2,5rG) ^0. Hence also 0{P'G"Sr+2,l3'SrG) = 0, so that 0{HSr+2, l3G) ^ 0. □ 

The Lemma is proved in |BJ2| in the context of track categories, above we use only 1-track 
categories. The proof that ^2^2 = requires the product rule below. 

Next we prove that the assumption on L in Definition 115.71 is satisfied for m — 2. This leads to 
the definition of the differential d^. 

17.3. Lemma. Let d2{/3} ~ 0. Then for m = 2 here is a chain complex L as in Definition \15.7[ 

Proof. The assumption d2{(3} — shows that u = 0{H6r+2, 13G) = ctSr+2 is a coboundary. 
Hence we get by the action rule H' ^ H ± a, so that 0{H'dr+2, PG) — 0. Hence we define the 
chain complex L by H' and by K . □ 

In the context of a E-track algebra T(< n) {n > 1), the following result can be proved which 
is the higher dimensional analogue of Lemma 117.21 

17.4. Proposition. Given L, L and 

UJ ^OL{r + m^ + l,dI„^+i) 
as in Definition \15. 71 then uj is a cocycle, that is: 

c^(E'"5,+,„+2) = . 
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Moreover, if j3 is a coboundary, then L and L can he chosen such that uj = Q. Let L he given and 
let L, L he two choices as in Definition \15.7[ Then uJ — OL{r + to + 1, dlm+i) and lj differ hy a 
cohoundary; that is: w — w = a(S™(5r+m+i)- 

Appendix: Complete track algebras 

Definition 115.71 of the differential d„i+i makes sense in any E-track algebra T(< n), but in 
general one cannot show that it has the properties needed to define the higher Ext-groups, such 
as dra+idm+i = 0. The strictification process described in Section [TBI shows that the higher Ext- 
groups are well-defined in the Example [731 ^^nd that the differential in the Adams spectral sequence 
is indeed given by Definition 115.71 

We now introduce the notion of a complete E-track algebra, to collect together the assumptions 
needed to show that the differential described above yields well-defined higher Ext-groups. These 
assumptions are satisfied in particular for the E-track category Nul<„C, where C is a complete 
mapping algebra as in Definition 17.21 

Let C be a complete E-mapping algebra. Then the endofunctor E : C — 5- C induces an 
endofunctor 

(18.1) E : Nul<„ C — > Nul<„ C 
of E-track algebras satisfying 

(18.2) EC'b(5i, ...,bk) = Oi3(E6i, . . . , E6fe) 
for each left cubical ball of dimension < n, see (|ll.ip (3). 

18.3. Definition. Let T(< n) be a E-track algebra and let 

E : T(< n) ^T(< n) 

be an endofunctor of T(< n), similarly to (|18.ip . satisfying (|18.2p . such that E induces the 
endofunctor E : A — > A of the E-algebra A. Then T(< n) is a complete Y,-track algehra if the 
sum rule and the product rule below are satisfied. 

18.4. Definition (sum rule). Let m <n. Given a pre-chain complex L in T(to) based on 



(1) Y^^A^^A^^ 

and given a pre-chain complex L' in T(to — 1) based on 

(2) y^^SAi^^EAa- . . EA^+i 

such that L' restricted to Z(to + 1,1) coincides with EL, there exists a pre-chain complex L 
in T(to) based on (1) such that L" restricted to Z(to + 1,0) coincides with L and 

(3) OL"{m + 1, dira+i) = OL{m + 1, dlm+i) + OL'im + 1, OlmY- 



This is the sum rule in dimension m. 

18.5. Proposition. The sum rule is satisfied in Nul<„ C in (118. ip . 

Proof. Let / w [0, 2] = / U / be the homeomorphism of intervals carrying t G / to 2t. Then we 
have: 

(1) j'^+i = / X J*^ w (/ U /) X /'= = 7*=+^ U j'^+i . 

for each fc > 0. 

For each j = 1, . . . , to -I- 1, L' yields the left (j — l)-cube aj — L'{j + l,/j_i) in 
Morc(EAj_|_i, y), which by in Definition 17.21 vields the j-cube aj in Morc{Aj+i,Y) 

adjoined to rsCj. Using (1), we define the j cube 

L"(j + l,/j)-L(i + l,/,)Uaj . 

This defines L" completely, since L" restricted to Z(to + 1,0) coincides with i. One can now 
check that the sum formula (|18.4p (3) holds. □ 
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Let T be an (7i + fc)-category enriched in left cubical (n + A;)-sets and let T" be the n-skeleton of 
T. Then T" is an n-graded category enriched in rt-cubical sets. We consider a pre-chain complex 

R : Z(oo,0)g ^T" . 

18.6. Definition. A chain module with operators in R is a functor L which carries a morphism 
V : i — > —1 {i > 0) in Z(oo, — to an element 

GMorT(i?,r)dim(v)+fc 

such that the inclusion property 

L{V) = {dv^w ® I^y L{W) 

holds if V is in the boundary of W and such that for a composite V ®V' of morphisms in 
Z(oo, — 1)§ the equation 

L{V®V') = L{V)R{V') 
holds, where the right hand side denotes the composite in the {n + fc)-category T. 

18.7. Lemma. A chain module L with operators in R is determined by the elements 

L{m,I,n) e MoiT{Rm,Y) 

tn+k 

where /q = and m = 0, . . . , n. 

Now let i? = i?i U . . . U i?s be a left cubical ball of dimension k with cells Bi and gluing maps 
de,i as in Definition 19. 2p . An s-tuple (Li, . . . of chain modules Li with operators in R 

satisfies the gluing condition in B if for V : ni ^ —\ we have 

(18.8) (/^™(^) X d,,i)*L,{V) = X de,,)*Lj{V) . 

The left cubical ball C = Tq has cells Ci, . . . , C„+i. The product B x C is a left cubical 
ball with cells BiXCj. Let {ci, . . . ,Cn+2) — din+i, see (|4.4p . 

18.9. Lemma. Given (Li, . . . Lg) as in p8.8p we obtain the tuple of (m + k)-cubes (r = n + 1) 
Li{r,Cj) satisfying the gluing condition in B x C, so that the obstruction 

OBxc{Li{r,Cj), i = l,...,s and j = l,...,n + l) in HomA(S"+'''i?r, i^) 

is defined in the Yi-track algebra T — T(n + k). Also the tuple Li{0,fj}) satisfies the gluing 
condition, so that the obstruction 

Ob{Li{0, 0), . . . , Ls{0, 0)) e BomAi^^Ro, Y) 

is defined in T(fc). 

18.10. Definition (product rule). Let R and Li, . . . ,Ls be given as above where R is based on 

• ■ • ^Rn+i ^Rn ^ ■ • ■ ^^0- 

Let a G HomA(S''i?o, i^) be given by 0^(27^(0,0)). Then there exists a pre-chain complex L' 
based on 

Itn • • • ^Zj IXq ^1 

such that the equation 

Oc{L'{n + 1, a/„+i)) = OsyciHO, cjj) 

holds in HomA(S'^+"i?„+i, F) and L' restricted to Z(n + 1,0) coincides with E'^i?. This is 
the product rule in T(n + fc). 

18.11. Proposition. Let C be a complete T,-mapping algebra. Then Nul<(„_|_fc) (C) satisfies the 
product rule. 

Proof. We have the homeomorphism S^ = B/dB, so that we can replace S'^i?^ by {B/dB)/\Ri. 
Then gluing the various Li yields L' . □ 
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18.12. Remark. If T(< 2n) is a complete S-track algebra f Definition fl 8. 3p the higher Ext-groups 
E]^^ are well-defined by Definitioi j 1 5 . 71 for m — 2, . . . ,n + 2. A proof can be given along the lones 
of the argument given below to show that (i2C?2 = 0. 

Since a complete E-mapping algebra C yields a complete S-track algebra Nul<2n(C), the higher 
Ext-groups are well defined in this case. 

18.13. Example. We prove that ^2^2 — 0, as an application of the product rule. By p5.3p we 
get the diagram 



o 




i?2 ^1 ^^0 

For B = = Bi U B2, we choose Li(O,0) = FS2 and ^2(0,0) = I3G, where F and G are 
1-cubes with G = K{r + 2, Ii) given by the resolution K. Then 

(1) a = c;2/3 = Oi3(ii(O,0),L2(O,0)). 

Now let C = T^^GiUC2 and (ci, C2) = (/i «) 0, ® /i). Then Li{2,Cj) is defined as follows: 

Li(2,ci) = Li(2,/i®0) = FK{r + 3Ji)64 

Li(2,C2) = Li(2,0 0/i) ^ F62K{r + 4,h) 

L2(2,ci) = L2(2,/i®0) - l3K{r + 3,12)64 

i2(2,C2) - £2(2,0 0/1) = l3K{r + 2,h)K{r + 'l,h) 

Now the product rule shows that 



(2) d2d2l3 = d2a = OBxciU{0,Cj))=0 

and the rules in a 2-track category show that this obstruction is trivial. In fact, we have 

(3) O(/i/i0, 0/20, /i0/i, 0/1/1) 

(4) =C'(/i/i0,00/2,/i0/i) 

(5) =0 



Here (3) is the obstruction (2) and (4) is a consequence of the complement rule and 

0(0/2, /l/l,/20) = O 

as follows from the fact that K is a resolution, the naturality yields 

O(00/2,0/i/i,0/20) = O. 
Moreover (5) follows from the triviality rule. 
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